We analyze a class of stochastically stable quenched measures. We prove that stochastic stability is fully characterized by an infinite family of zero average polynomials in the covariance matrix entries.
INTRODUCTION
After three decades from their first appearance in the Edwards and Anderson work (6) the spin glass models and their low temperature phase remain one of the major unsolved problems of condensed matter physics. The physically well understood mean field case (see ref. 14) is still under investigation from the mathematically rigorous perspective and some recent results by Guerra and by Talagrand (12, 18) confirm the Parisi theory. The case of spin glasses on finite dimensional lattices is instead much more controversial, and the structure of its equilibrium states is an unsettled matter even from the theoretical physics point of view.
The spin glass model problems arise from a peculiar mathematical structure of two intertwined probability measures, the configurational (spins) and the disordered (random couplings) which are combined in a precise measure prescription of equilibrium statistical mechanics commonly called quenched ensemble.
In Aizenman and Contucci (1) a stability property for the mean field models was derived from the continuity (in the temperature) of the thermodynamic functions. Some of the consequences of such a stability were proved to be captured by an infinite family of zero average polynomials (see also ref. 19 ). Subsequently in ref. 3 the same property was investigated in finite dimensional models and proved to imply a formally similar property in terms not of the standard overlap function but of the so called link-overlap.
The stability property, nowadays called stochastic stability, attracted some attention from both theoretical and mathematical physics. It was first investigated in refs. 7 and 8 and cleverly used to determine a relation between the off-equilibrium dynamics and the static properties. More recently a purely probabilistic version of it expressed in terms of invariance under reshuffling of random measure for points in the real line has been investigated and completely classified in the case of independent jump distribution (see ref. Can we give a complete characterization of the stochastic stability property within its original statistical mechanics formulation? In other terms once we know that a spin glass model verifies stochastic stability do we know what are (all) the constraints of its overlap distribution? In this paper we answer positively the previous questions and we prove that thanks to a remarkable cancellation mechanics already observed in ref. 4, the zero overlap polynomials of refs. 1 or 3 provide a complete description of the mentioned stability property.
The paper is organized as follows: in Section 2 the quenched measure is introduced and the overlap moments formalism explained. Section 3 introduces a combinatorial description of the overlap measure on graph theoretical grounds. Section 4 introduces stochastic stability and contains the main result (Theorem 10). It states a property which implies that all the consequences of the stochastic stability are indeed contained in its second order version.
QUENCHED MEASURES
A quenched probability space is a product measurable space J × σ , where the random probability measure µ J on σ is indexed by J ∈ J , and distributed according to a probability measure ν on J .
Example 1. The Sherrington-Kirkpatrick (SK) model with N spins (no external field).
